Abstract. In this paper, we generalize a result of Karpenko on the torsion in the second quotient of the gamma filtration for Severi-Brauer varieties to higher degrees. As an application, we provide a nontrivial torsion in higher Chow groups and the topological filtration of the associated generic variety and obtain new upper bounds for the annihilators of the torsion subgroups in the Chow groups of a large class of Severi-Brauer varieties. In particular, using the torsion in higher degrees, we show indecomposability of certain algebras.
Introduction
Let p be a prime and A a central simple algebra of p-power degree over a field. We denote by SB(A) the corresponding Severi-Brauer variety. Consider the Grothendieck ring K 0 (SB(A)) and its gamma filtration Γ d (SB(A)) of degree d ≥ 0. By a theorem of Quillen, the gamma filtration on K 0 (SB(A)) is determined by the indices of (tensor) p-powers of A, whose exponents form a reduced sequence. In [12] , Karpenko provided a lower bound for the size of the torsion subgroup of the 2nd quotient Γ 2/3 (SB(A)) of the gamma filtration and showed this bound is sharp if the corresponding reduced sequence has length one. Note that the 0th and the 1st quotients are torsion-free.
In the present paper, we provide a general lower bound for the size of the torsion subgroup Γ d/d+1 (SB(A)) tors , which extends Karpenko's bound. In particular, we determine a list of degrees where the torsion subgroup is nontrivial and show that the lower bound is sharp for certain algebras including the case where A has the doubly reduced sequence of length one.
We apply the lower bound obtained by the gamma filtration to the torsion subgroups in both topological filtration and the Chow group of the Severi-Brauer variety associated to the corresponding generic division algebra. As a consequence, we find a nontrivial torsion of the Chow groups in higher codimensions. In general, it is wide open to find a nontrivial torsion in higher Chow groups of a projective homogeneous variety: a result for projective quadrics can be seen in [20] . Applying our result on the torsion in higher quotient of the topological filtration, we also show the indecomposability of certain generic algebras, which can be done by using the torsion in the 2nd quotient of the topological filtration [12] .
Consider the torsion subgroup CH d (SB(A)) tors of codimension d. It is well-known that for d = 0, 1, dim(SB(A)), the torsion subgroups are all trivial. However, in general, the torsion subgroup is non-trivial for d ≥ 2 as we mentioned above. Therefore, the problem of determining the Chow group of a Severi-Brauer variety reduces to computing the torsion subgroup in such a codimension d. For d = 2, the torsion subgroup is determined when the exponent of A is a prime [12] . But, it appears to be typically difficult to determine the torsion in higher codimensions as one can see the results on other projective homogeneous varieties [6] , [16] , [11] , [7] , [3] . In particular, the torsion in the Chow group of codimension 4 of a quadric can be infinitely generated [13] .
In this paper, we provide a new bound for the annihilator of CH d (SB(A)) tors in order to estimate the torsion in higher codimensions. In general, the only known bound for the annihilator of the torsion subgroup of any codimension is the index of A. For d = 2, it was shown that the torsion subgroup is annihilated by the exponent of A which is given by the Rost invariant [6] , [16] . In particular, if in addition A has the reduced sequence of length one, then the torsion subgroup is annihilated by the order of Γ 2/3 (SB(A)) tors [12] . In the present paper, we extend this to both the reduced sequence of arbitrary length and higher codimensions. Consequently, for a large class of central simple algebras, we give sharper bounds for the annihilator than the previously known ones.
This paper is organized as follows. In Section 2, we recall some results on the gamma filtration for a Severi-Brauer variety [12] and extend them to both higher codimension and an arbitrary reduced sequence (Theorem 2.5). Then, we apply the main theorem to obtain the degrees of the gamma filtration where the torsion subgroup is nontrivial and show the lower bound is sharp for certain cases (Corollaries 2.6 and 2.7). We also provide an upper bound for the annihilator of the gamma filtration (Proposition 2.8), which will be used in the last section. Sections 3 and 4 are devoted to applications of the main result: In Section 3 we provide a general lower bound for the size of the torsion subgroups in both the topological filtration and the Chow group (Corollay 3.1) and use it to determine the indecomposablility of certain algebras (Corollary 3.7). In the last section, we apply Proposition 2.8 to obtain an improved bound for the annihilator of the torsion in the Chow group (Corollary 4.1). At the end we provide several examples of computations for the annihilators (Examples 4.3).
We use the following notation. The base field is denoted by F . Given a variety X (resp. an algebra A) over F and a field extension E/F , we write X E (resp. A E ) for X × Spec F Spec E (resp. A ⊗ F E). For an abelian group G, we denote by G tors the torsion subgroup of G. If p is a prime integer, we write v p for the p-adic valuation on the rational numbers.
Torsion in the gamma filtration of Severi-Brauer varieties
In the present section we recall some known results on the gamma filtration of the Grothendieck ring K 0 of a Severi-Brauer variety. For a smooth projective variety X, the gamma filtration of K 0 (X) is given by the ideals
where γ d i is the gamma operation on K 0 (X) and
, where Pic(X) is the Picard group of X. For details and the general theory of the gamma filtration, we refer the reader to [12] and to [14] , [5] .
The goal of this section is to find a nontrivial torsion in the quotient Γ d/d+1 (SB(A)) of a p-primary algebra A and to provide a general lower bound for the size of the torsion subgroup Γ d/d+1 (SB(A)) tors (Theorem 2.5). In particular, we show that the lower bound is sharp if A has the doubly reduced sequence of length 1 or A is of index p 2 (resp. 8) and exponent p (resp. 2) for p an odd prime (Corollaries 2.6 and 2.7). We also provide an improved bound for the annihilator of the torsion subgroup
Let A be a central simple algebra of degree deg(A) over F , where the degree of A is the square root of dim(A). Consider the restriction map
where we identify SB(A) over a splitting field E with the projective space P 
where ind(A) denotes the index of A. Hence, as observed in [12, Corollary 3.2] the gamma filtration on K 0 (SB(A)) depends only on ind(A ⊗i ). For instance, if n = ind(A), then we have nx ∈ K 0 (SB(A)) and γ t (nx − n) = γ t (x − 1) n = (1 + (x − 1)t) n , where γ t is the power series associated to the gamma operations. Hence, for any d ≥ 0 we obtain
, where the exponent exp(A) of A is the order of the class of A in the Brauer group Br(F ). The sequence α(k) is called the p-sequence of A of length v p (exp(A)). Indeed, the elements of this sequence are distinct elements of {ind(A ⊗i ) | i ≥ 0}. This sequence is strictly decreasing such that the last term is 0. Moreover, by [18, Construction 2.8] or [12, Lemma 3.10] , any such sequence is the p-sequence of a division algebra of p-power degree.
Let A be a central simple algebra of p-power degree and α(k) be its p-sequence. 
where x is the class of the tautological line bundle on P
. We shall denote by
the k-th entry of the product in (3) . Indeed, the number of generators in (3) can be reduced as follows. 
is said to be the dou-
. In this case, we have a further reduction of the number of generators in the quotient
. A large class of p-primary algebras admits such a sequence:
then by Lemma 2.3 this sequence is doubly reduced for all d ≤ p. Observe that the condition (5) automatically holds if the length is 1.
In particular, any p-primary algebra A of exp(A) = p has the doubly reduced sequence (v p (ind(A)), 0) as this sequence has length 1. Indeed, the class of p-primary algebras having doubly reduced sequences of length 1 includes more algebras other than the algebras of prime exponent: for instance, any p-primary algebra of ind(A) = p 3 and exp(A) = p 2 has a doubly reduced sequence of length 1. (ii) Let A be a central simple algebra whose 3-sequence is (4, 2, 0). Then, the reduced sequence is also (4, 2, 0), which does not satisfy the condition (5). However, by the proof of Lemma 2.3 the quotient group Γ 2/3 (SB(A)) is generated by f (4, 2), f (2, 2), f (0, 2) and f (2, 1) · f (0, 1). Moreover, by direct computation one sees that the difference f (2, 1) · f (0, 1) − 3f (4, 2) is equal to (6) 9f (2, 4) + 45g 3 + 32g 4 + 38g 5 + 82g 6 + 12g 7 + 3g 8 + 3g 9 ,
As each term of (6) is contained in
. Hence, the reduced sequence is a doubly reduced sequence of degree 2.
Proof. Let X = SB(A) and
for j = 0, 1. Then, by Lemma 2.1, the class of f 0 generates Γ d/d+1 (X). We show that any f 0 is generated by f (α(k i ), d).
We first assume that 1
l for any integer j ≥ 1, and
, there is no term of degree less or equal to d in (8) . Moreover, each term of a power of y in (8) is a multiple of p α(0) . Therefore, we obtain
. Thus, we may assume that β(0) = 0 and
In particular, the result holds for m = 1. Now we assume that m ≥ 2 and the corresponding reduced sequence α(k i ) m i=0 satisfies (5). We show that any
. Therefore, by (5), we obtain e m ≥ 1. Consider
and the coefficient
, where the sum ranges over all partitions of
As there exists at least one a
, it follows from (10) and (5) that
which means that each term of a power of y in (9) is contained in Γ d+1 (X). This finishes the proof of the case 1 ≤ β(k i ) ≤ d − 1. In particular, the result holds for m = 2.
We use induction on m ≥ 2 to prove that f 1 is a multiple of f (α(0), d) modulo Γ d+1 (X). Assume that the result holds for m − 1. By the argument of the preceding paragraph, it suffices to consider the case where β(k i ) = 0 for each 1 ≤ i ≤ m. By the induction hypothesis, the result holds for each case of β(k i ) = 0, 1 ≤ i ≤ m − 2, provided that the condition (5) . Again by the induction hypothesis, the result holds for β(k m−1 ) = 0 (resp. β(k m ) = 0) if
But by (4) and (5), the inequalities in (11) hold, which finishes the proof.
We shall need the following lemma, which generalize a proof of [12, Proposition 4.7] . and let y i be the corresponding tautological line bundle x to the
Then, a generator f 0 of Γ d+1 (X) can be written as
for all 0 ≤ j ≤ i − 1. The inequality (12) implies that
Observe that, by [12, Lemma 4.8], we have
modulo p r for any r ≥ 1. By applying this formula, for any 0 ≤ j ≤ i − 1 we obtain
, the result follows from (13) and (14) .
We are ready to prove the main result of this section. 
Proof. Let A be a central simple algebra of p-power degree such that exp(A) < ind(A). Then, A has the reduced sequence α(k i ) m i=0
for some m ≥ 1. Consider the elements
, where X = SB(A). Set
Consider the following elements of Γ d (X) (15) and t
i · t i for (16) . Then, by direct computation, one has
where y = x − 1 and
Let c ′ j be the summand of c j such that the sum ranges over all partitions of a 1 = · · · = a d . Then, for each partition 
, we obtain (19) .
, it is enough to verify that each coefficient of
which implies that
We show that the element p λ(i,d)−1 t i is not contained in Γ d+1 (X). Assume the contrary. Then, it follows from Lemma 2.4 and (17) that
for some polynomial ψ(y i ). Thus, the equation (22) becomes 1 = (y i −1)ρ(y i )+pµ(y i ) for some polynomials ρ(y i ) and µ(y i ), which gives a contradiction. Hence, we obtain
. Therefore, by (20) the class of t i gives a torsion element of order greater than or equal to p λ(i,d) . Now, we assume that an integer d satisfies 1 < d < p ǫ(i) and the corresponding reduced sequence. Then, for any 1 < d < p ǫ(1) of the form jp n with 1 ≤ j < p and 0 ≤ n < ǫ(1), the torsion subgroup Γ d/d+1 (SB(A)) tors is nontrivial and
where Proof. Let 1 < d < p ǫ(1) be an integer of the form jp n with 1 ≤ j < p and 0 ≤ n < ǫ(1). Then, we have λ(1, d) = min{(d − 1)k 1 , ǫ(1) − max{α(k 1 ), n}} ≥ 1, thus the first result follows from Theorem 2.5. Assume that A has the doubly reduced sequence of m = 1. Then, the classes of f (α(0), d) and
Hence, by (20) 
In particular, if A is a division algebra of index p 2 and exponent p for p an odd prime (resp. index 8 and exponent 2), then for any
thus the first statement follows from Theorem 2.5. Let A be a division algebra of index p 2 and exponent p for p an odd prime, X = SB(A) and E a splitting field of X. We first measure the size of the torsion subgroups by using the following formula [8, Proposition 2] (24) |
where 0) is the reduced sequence of A, we have λ(1, d) = 1 for all 2 ≤ d ≤ p − 1, thus the result follows from the first statement of the corollary. Now we assume that A is a division algebra of index 8 and exponent 2. It follows from (3) that 2y ∈ Γ 1 (X), 2 2 y 5 ∈ Γ 5 (X), and 2 
for all i and is annihilated by
Proof. Let A be a central simple algebra of p-power degree which admits the doubly reduced sequence α(
of degree d of the form jp n with 1 ≤ j < p and 0 ≤ n < ǫ(m), i.e., the classes of
, where X = SB(A). Consider the elements t i , t Case 1 : 
Then, the degree d satisfies (21) for i = l. Hence, the class of t l is a torsion element in Γ d/d+1 (X). As the class of t
is a linear combination of the classes of t l and t ′ i . As the class t l is annihilated by M l and the class t (ii) Consider the central simple algebra of A of ind(A) = 3 4 such that its 3-sequence is (4, 2, 0). By Corollary 2.6, the torsion subgroup Γ 2/3 (SB(A)) tors is nontrivial. As we have shown in Example 2.2 (ii), the algebra A admits the doubly reduced sequence. Hence, by Proposition 2.8 the torsion subgroup Γ 2/3 (SB(A)) tors is annihilated by 3 2 .
Torsion in the higher Chow groups of Severi-Brauer varieties
In this section we apply Theorem 2.5, Corollaries 2.6 and 2.7 to provide a torsion in a higher quotient of the topological filtration and the Chow groups of a generic variety associated to a central simple algebra (see Corollary 3.1). As an application, we show indecomposability of certain algebras in Corollary 3.7.
Consider the topological filtration on the Grothendieck ring K(X) of a smooth projective variety X 
induced by the dth Chern class and their composition
is the multiplication by (−1) .15.3.6] . We now recall the notions of generic variety and generic algebra from [12, Definition 3.12] : the notion of generic algebra was originally introduced by Schofield and Van den Bergh [18] , but here we use a variation of it. Let A be a p-primary algebra and let α(k) be the corresponding p-sequence. Choose any division algebra B of ind(B) = exp(B) = ind(A) over a field K and consider the function fieldK of the product of generalized Severi-Brauer varieties SB(p α(k) , B ⊗p k ) over all k ≥ 1. Then, by the index reduction formula, the algebraĀ := BK, called a generic algebra, has the same p-sequence of A. The corresponding Severi-Brauer variety SB(Ā) is called a generic variety associated to A and is denoted byX. Moreover, by [12, Theorem 3.7] , we have
Applying Theorem 2.5 and Corollaries 2.6 and 2.7 to a generic variety together with (25), we obtain 
In particular, for every d ≥ 2 of the form jp n with 1 ≤ j < p and 0 ≤ n < ǫ(1), both the Chow group CH d (X) and the topological filtration 
On the other hand, it follows by Corollary 3.1 that for any 2 ≤ d ≤ p − 1 and generic varietyX 1 associated to A we have Z/pZ ⊆ T d/d+1 (X 1 ) tors . Therefore, the varietyX 1 gives an example of having the maximal torsion subgroup (Z/pZ) ⊕p−2 in the topological filtration, i.e., (27)
In particular, this shows that there is no torsion in
(ii) Let A be a division algebra of index 8 and exponent 2 and X 2 = SB(A). Again by the proof of Corollary 2.7 with [8, Proposition 2], we get
Since we know by Corollary 3.1 that T 2/3 (X 2 ) tors = T 3/4 (X 2 ) tors = Z/2Z for any generic varietyX 2 , we have
thus, the variety has the maximal torsion in the topological filtration.
A division F -algebra is called decomposable if it can be written as a tensor product of two division F -algebras. Let Y 1 (resp. Y 2 ) be the corresponding Severi-Brauer variety of a decomposable algebra of index p 2 and exponent p (resp. index 8 and exponent 2). Karpenko showed that (29)
in [9, Theorem 1] and [10, Theorem 2.5], respectively. This result was used to prove the indecomposability of the corresponding generic algebras [12, Corollary 5.4] , which recovers results of Tignol [19] and Amitsur-Rowen-Tignol [1] . We remark that Example 3.2 can be used to prove this result by comparing (27) and (28) with (29), thus computing the torsion in a higher quotient of the topological filtration can give a way to detect the indecomposability.
For any generic algebraĀ whose p-sequence is (r, r − 1, · · · ), Schofield In the following, we show that any generic algebra whose p-seqeunce is (r, r −2, · · · ) of length ≥ r − 2 is indecomposable in Corollary 3.7. To do this, we first compute an upper bound for the torsion subgroups in the topological filtration of decomposable algebras in Proposition 3.6. Then, we compare it with the lower bound in Corollary 3.1. In contrast to earlier approaches [12] , we use the torsion in higher degrees.
Let A be a division algebra of ind A = p r and exp(A) = p s with r > s and r ≥ 2. Assume that A ≃ B ⊗ C for some division algebras B and C of ind( 
In this case, we denote by θ the composition of the map in (30) and the restriction map CH i+j+1−p k (SB(A)) → CH i+j+1−p k (SB(A) E ) over a splitting field E. We shall write CH(SB(A)) for the image of the restriction map CH(SB(A)) → CH(SB(A) E ) over a splitting field E and we identify Z · h d = CH d (SB(A) E ) with Z, where h is the class of a hyperplane of the projective space SB(A) E .
We will need the following lemmas, which extend [9, Lemma 5] to an arbitrary exponent. Proof. Let 2 ≤ n ≤ d be an integer and X = SB(A). We use an argument in [2, Corollary 6.8] . Assume that the torsion subgroup Γ n/n+1 (X) tors is annihilated by an integer N n . Then, by using the exact sequence 0 → Γ n/n+1 (X) → T n (X)/Γ n+1 (X) → T n (X)/Γ n (X) → 0 recursively, together with the inclusion T
